Abstract: We introduce and study a rough (approximate) curvature-dimension condition for metric measure spaces, applicable especially in the framework of discrete spaces and graphs. This condition extends the one introduced by Karl-Theodor Sturm, in his 2006 article On the geometry of metric measure spaces II, to a larger class of (possibly non-geodesic) metric measure spaces. The rough curvature-dimension condition is stable under an appropriate notion of convergence, and stable under discretizations as well. For spaces that satisfy a rough curvature-dimension condition we prove a generalized Brunn-Minkowski inequality and a Bonnet-Myers type theorem.
Introduction
Discrete mathematics has become popular in the last decades because of its diverse applications, among others to computer science. Triangulations of manifolds and discretizations of continuous spaces are very useful tools in digital geometry or computational geometry. Digital geometry deals with two main problems, which are inverse to each other: on one hand, constructing digital representations of objects that are able to capture efficiently their geometric features with a high precision, and on the other hand, reconstructing "real" objects and their geometric properties (such as length, area, volume, curvature, surface area, etc.) from digital images. Such a study requires of course a better understanding of the geometrical aspects of discrete spaces.
Geodesic metric spaces are very natural generalizations of manifolds. There are many recent developments in studying the geometry of such spaces. In the fifties Alexandrov [1] introduced the notion of lower curvature bounds for metric spaces in terms of comparison properties for geodesic triangles. This notion gives the usual sectional curvature bounds when applied to Riemannian manifolds and it is stable under the Gromov-Hausdorff convergence, introduced in [11] . Recently, a generalized notion of Ricci curvature bound for metric measure spaces (M d ) has been introduced and studied by Sturm in [20] ; a closely related theory has been developed independently by Lott and Villani in [15] . The approach presented in [20] is based on convexity properties of the relative entropy Ent( · | ) regarded as a function on the L 2 -Wasserstein space of probability measures on the metric space (M d). This lower curvature bound is stable under an appropriate notion of D-convergence of metric measure spaces. The second paper [21] has treated the "finite dimensional" case, namely metric measure spaces that satisfy the so-called curvature-dimension condition CD(K N), where K plays the role of the lower curvature bound and N the one of the upper dimension bound. The condition CD(K N) represents the geometric counterpart of the analytic curvature-dimension condition introduced by Bakry and Émery in [3] . This approach requires the Wasserstein space of probability measures, and consequently the underlying metric measure space, to be a geodesic space. Therefore, it cannot be applied to discrete spaces.
Moreover, the notions introduced by Sturm/Lott/Villani do not cover the case of metric graphs. Recall that a metric graph is a collection of vertices and edges such that to every edge there is assigned a certain length. The intrinsic metric on the graph is defined by letting the distance between two points be equal to the greatest lower bound on the length of the paths joining them; if two points cannot be connected by a path, then the distance between them is defined to be +∞. The resulting metric space of a connected graph is a geodesic space. Considering on a metric graph the measure which is uniform on its edges, even though a metric graph is a geodesic space, as a metric measure space it will no lower have a curvature bound in the sense of [20] .
Our approach comes from coarse geometry, which studies the "large scale" properties of spaces (see for instance [19] for an introduction). In various contexts, one notices that the relevant geometric properties of metric spaces are the coarse ones. A discrete space can get a geometric shape when we move the observation point far away from it; then all original holes and gaps are not visible anymore and the space looks rather like a connected and continuous one. It is the point of view that led Gromov to his notion of hyperbolic group, which is a group "coarsely negatively curved" (in a certain combinatorial sense).
A notion of rough Ricci curvature bound for discrete spaces has been developed in [4] , based on the concept of optimal mass transportation. These rough curvature bounds depend on a real parameter > 0, which should be understood as the size of the mesh of the (discrete) space, or the scale on which we should look at the space. The approach presented in [4] has followed the one from [20] , being particularly concerned with removing the connectivity assumptions of the geodesic structure required in the continuous case. This difficulty has been overcome in the following way: mass transportation and convexity properties of the relative entropy have been studied along -geodesics. Other recent works, like [7, 14, [16] [17] [18] , propose different ways to "discretize" Riemannian geometry. Most of them are based on optimal transport theory, these approaches study discrete versions of various properties, which are known to be equivalent to a Ricci curvature bound in the classical case.
There are also various notions of combinatorial curvature for graphs or cell complexes, see for instance the works [8, 10, 12, 13] . The combinatorial graphs are not equipped with a metric and a measure, and so far there are no consistent links between the combinatorial treatment and the measure-metric approach. However, in the case of homogeneous planar graphs there is a certain "coincidence", that has been discussed in [4] .
In the present paper we introduce a rough curvature-dimension condition for metric measure spaces, coming with an additional upper bound for the "dimension". For example, the planar graphs are discrete analogues of Riemannian surfaces, therefore they deserve to be considered as 2-dimensional discrete spaces. Besides, an upper bound for the dimension is expected to bring, by analogy with the finite dimensional Riemannian manifolds, more geometrical consequences in our discrete setting. The rough curvature-dimension condition extends the one introduced by Sturm in [21] to a larger class of (possibly non-geodesic) metric measure spaces. We define and study a rough curvaturedimension condition -CD(K N) for metric measure spaces, where is the size of the mesh, K plays the role of the lower curvature bound and N the role of the upper bound for the dimension.
In Section 2 we give an overview of the material already existing in the literature, in particular the notion of lower curvature bound and the curvature-dimension condition for (continuous) metric measure spaces, according to [21] .
In Section 3 we define the rough curvature-dimension condition and give some basic properties. We show that the rough curvature bound presented in [4] can be seen as a limit case or as an -CD(K ∞) rough curvature-dimension condition.
Section 4 provides some geometrical consequences of the rough curvature-dimension condition. We prove a generalized Brunn-Minkowski inequality which holds under an -CD(K N) property. Furthermore, we give a Bonnet-Myers type theorem, which states that a metric measure space that satisfies an -CD(K N) condition, with K > 0, has a bounded diameter. Consequently, planar graphs which fulfill an -CD(K N) condition with K > 0 must be finite.
The stability issue for D-convergence is treated in Section 5. Theorem 5.1 states that any (continuous) metric measure space which can be approximated in the metric D by a family of (possibly discrete) metric measure spaces (M d ) with the mesh size tending to zero, with bounded diameter L , with a rough curvature-dimension condition -CD(K N ) satisfied and with (K N L ) → (K L N), will fulfill a curvature-dimension condition CD(K N) and will have a diameter ≤ L.
In Section 6 we show that our curvature-dimension condition will be preserved through the converse procedure, by discretizing a continuous space that fulfills it. Theorem 6.1 shows that whenever we consider a discretization (M d ) with sufficiently small mesh size of a space (M d ) which satisfies some CD(K N) condition, the discretization will satisfy the -CD(K N) property.
Preliminaries
We start with a metric measure space (M d ), where (M d) is a complete and separable metric space and is a locally finite measure on the Borel σ -algebra B(M) of M, more precisely we assume that (B ( )) < ∞ for all ∈ M and all sufficiently small > 0. We say that the metric measure space (M d ) is normalized if (M) = 1. The notion of L 2 -transportation distance D between two metric measure spaces (M d ) and (M d ) has been defined in [20] in the following way:
where d ranges over all couplings of d and d and ranges over all couplings of and . We recall here that a measure on the product space M × M is a coupling of and
The L 2 -transportation distance D defines a complete and separable length metric on the family of all isomorphism classes of normalized metric measure spaces (M d ) for which M d 2 ( ) ( ) < ∞ for some (hence all) ∈ M. The D-convergence is closely related to the measured Gromov-Hausdorff convergence introduced in [9] .
For any metric space (M d) the L 2 -Wasserstein distance between two measures µ and ν on M is defined as
: is a coupling of µ and ν with the convention inf ∅ = ∞. For further details about the Wasserstein distance see the monographs [22] and [23] . We denote by P 2 (M d) the space of all probability measures ν with finite second moments M d 2 ( ) ν( ) < ∞ for some (hence all) ∈ M. Furthermore, for a given metric measure space (M d ) we denote by P 2 (M d ) the space of all probability measures ν ∈ P 2 (M d) which are absolutely continuous w.r.t. .
we consider the relative entropy of ν with respect to defined by Ent (ν | ) = lim 0 {ρ> } ρ log ρ . We denote by P *
Adapting the approach from [20] to a more general framework of rough geodesic spaces, in the paper [4] , the authors have introduced rough curvature bounds for metric measure spaces, with emphasize on discrete spaces and graphs.
Definition 2.1.
We say that a metric measure space (M d ) has -rough curvature ≥ K for some numbers > 0 and K ∈ R if for each pair ν 0 ν 1 ∈ P * 2 (M d ) and for any ∈ [0 1] there exists an -rough -approximate point η ∈ P *
We mention here that in a general metric space (M d), an -rough -approximate point between two points 0 and
Moreover, the definition above involves two types of perturbations of the Wasserstein distance, defined in [4] as follows.
Definition 2.2.
Let (M d) be a metric space. For each > 0 and any pair of measures ν
: coupling of ν 0 and ν 1 where ( · ) + denotes the positive part. There exists a coupling for which the infimum above is attained, and we call it + -optimal coupling (resp. − -optimal coupling) of ν 0 and ν 1 . 
The main results from [4, Theorems 3.10, 4.1] state that an arbitrary metric measure space (M d ) has curvature ≥ K (in the sense of [20] ) provided it can be approximated by a sequence (M d ) of ("discrete") metric measure spaces with -Curv (M d ) ≥ K with K → K as → 0, and, conversely, given any metric space (M d ) with curvature ≥ K and any
Furthermore, the positive rough curvature bound implies a perturbed transportation cost inequality, weaker than the Talagrand inequality, but still implying concentration of the reference measure and exponential integrability of the Lipschitz functions with respect to .
We shall introduce in the next section a stronger condition than the rough lower curvature bound. The examples studied in [4] are discrete analogues of finite dimensional Riemannian manifolds. They have intuitively not only a "curvature" along with the manifold, but also a certain "dimensional" aspect. A planar graph has intuitively dimension 2, since it can be drawn in the plane. We aim to capture this dimensional construction into a curvature-dimension type condition, in order to obtain more geometrical consequences.
Instead of the relative entropy Ent ( · | ) we will use the Rényi entropy functional, which depends also on a parameter N ≥ 1 that further will play the role of the dimension. The Rényi entropy functional with respect to our reference measure is defined as
where ρ is the density of the absolutely continuous part ν with respect to in the Lebesgue decomposition ν = ν c + ν s = ρ + ν s of the measure ν ∈ P 2 (M d).
Lemma 2.3 ([21, Lemma 1.1]).
Assume that (M) is finite.
(i) For each N > 1 the Rényi entropy functional S N ( · | ) is lower semicontinuous and satisfies
For given K N ∈ R with N ≥ 1 and ( θ) ∈ [0 1] × R + we use the notation
Remark 2.4.
For arbitrarily fixed ∈ (0 1) and
The curvature-dimension condition for geodesic spaces (M d ) has been introduced in [21] in the following way.
Definition 2.5.
Given two numbers K N ∈ R with N ≥ 1 we say that a metric measure space (ii) Moreover, in this case for every measurable function V : M → R the weighted space
and with
for each geodesic γ : 2 and with appropriate modifications otherwise.
The rough curvature-dimension condition
We introduce in the sequel the rough curvature-dimension condition and give some basic properties. There are various ways to extend Definition 2.5 to make it applicable to more general spaces than geodesic spaces. It matters where and how one plugs in the " ". There are two ways that seem more natural, each of them with its advantages. For the moment we recall and refine the definition of the -rough -intermediate point of two given points 
If is an -rough -intermediate point of 0 and 1 in the strong sense then is an -rough -intermediate point of 0 and 1 . Indeed, the triangle inequality |d(
which gives
Similarly one obtains the analogous inequality corresponding to d( 1 ).
Remark 3.3.
With the additional assumption that M has finite diameter L, one can see that -rough -intermediate points are strong rough -intermediate points for = (2L ) 1/2 .
We get in this way two possible definitions for a rough curvature-dimension condition.
Definition 3.4.
(i) Given three numbers K N ∈ R with N ≥ 1 and ≥ 0 we say that a metric measure space (4) for all N ≥ N. Here ρ denotes the density of the absolutely continuous part of ν w.r.t. , = 0 1, and δ = −1 for K < 0 and δ = 1 for K ≥ 0, where ( · ) + denotes the positive part.
As we will see, the first definition is better suited for stability under discretizations whereas the second is more powerful for obtaining geometrical consequences.
Remark 3.5.
According Remark 3.3 on bounded spaces the rough curvature-dimension condition and the strong rough curvaturedimension condition are equivalent, modulo changes of the coarseness parameter .
Remark 3.6.
so the rough curvature-dimension condition -CD(0 N) requires the Rényi entropy functionals S N ( · | ) to be convex on P 2 (M d ) along " -rough geodesics" for all N ≥ N.
Proposition 3.7.
Suppose that (M d ) is a metric measure space that satisfies the -CD(K N) condition for some numbers ≥ 0, K N ∈ R. Then the following properties hold:
(iii) For any α β > 0 the metric measure space (M αd β ) satisfies the α -CD(α −2 K N) condition.
Proof. (i) and (ii) are obvious. 
We get the same limit K θ 2 3 − /6 for the other three interpretations of τ ( ) K N (θ), therefore one can conclude
Remark 3.8. Remark 3.9.
The item (iv) of Proposition 3.7 shows that for a metric measure space of finite mass the condition -Curv (M d ) ≥ K may be seen as a rough curvature-dimension condition -CD(K ∞).
Geometrical consequences of the rough curvature-dimension condition
In the case of the geodesic spaces, for each geodesic Γ from the Wasserstein space the mass is transported along geodesics of the underlying space with endpoints in the supports of Γ(0) and Γ(1) respectively (see [20, Lemma 2.11] ). In our more general framework, for an arbitrary -geodesic Γ in P 2 (M d) the mass is not necessarily transported along -geodesics from M. However, the following result shows that if Γ is a strong -geodesic then the mass is mostly transported along strong -geodesics from M that join points from supp Γ(0) and supp Γ(1) and with > sufficiently small. 
Then the following estimate holds:
Proof. Let 0 be an optimal coupling of µ 0 and η, and 1 be an optimal coupling of η and µ 1 . One can construct then a probability measure on M × M × M such that the projection on the first two factors is 0 and the projection on the last two factors is 1 (cf. [6, Section 11.8]). Therefore,
Because the inequality
which proves the first part of the lemma.
Consider now a sequence 0 = λ
, we have in turn
)
Having the above description of the strong -geodesics in the Wasserstein space we shall establish a rough BrunnMinkowski inequality for metric measure spaces that satisfy a rough curvature-dimension condition in the strong sense. The classical Brunn-Minkowski inequality in R states that for all bounded Borel measurable subsets A and B in R ,
where A + B = { + : ∈ A ∈ B} is the Minkowski sum of A and B and where vol ( · ) denotes the volume element in R . Inequality (5) 
Proposition 4.2.

Let (M d ) be a metric measure space that has finite mass and satisfies the condition -CD s (K N) for some numbers ≥ 0, K N ∈ R, N ≥ 1. Then for any measurable sets
where A λ is the one denoted in Lemma 4.1 and Θ is given by
Corollary 4.3 (Generalized Brunn-Minkowski Inequality).
Assume that (M d ) is a normalized metric measure space that satisfies the condition -CD s (K N) for some numbers ≥ 0, K N ∈ R, N ≥ 1. Then for any measurable sets
To proof the corollary just take λ = √ in formula (6) and use the fact that is a probability measure.
Proof of Proposition 4.2.
We apply the -CD s 
for all N ≥ N. If we denote by ρ the density of η with respect to we have then, by using Jensen and Hölder inequalities,
where for the last inequality we have used Lemma 4.1.
Remark 4.4.
Another (stronger) discrete version of the Brunn-Minkowski inequality has been introduced in [5] . There were proved a stability result under D-convergence and a converse result stating the stability under discretizations.
The next result provides an extension of the classical Bonnet-Myers Theorem from complete Riemannian manifolds to metric measure spaces which satisfy a rough curvature-dimension condition -CD(K N) with positive K . This statement is a discrete version of [21, Corollary 2.6]. 
Corollary 4.5 (Generalized Bonnet-Myers Theorem).
For every normalized metric measure space (M d ) that satisfies the rough curvature-dimension condition -CD
and therefore τ 1/2 K N (Θ ) = +∞, which contradicts inequality (7) in our hypothesis that is a probability measure.
This Bonnet-Myers type theorem comes to complete Proposition 3.7 (i). 
Stability under convergence
Like in the case of the rough curvature bound we can prove a stability result that shows we can pass from discrete spaces to continuous limit spaces. 
Then the space (M d ) satisfies the curvature-dimension condition CD(K N) in the sense of Definition 2.5 and has diameter ≤ L.
For given numbers ≥ 0, ∈ [0 1], K ∈ R and N ≥ 1 we use the notations
whenever is a δ -coupling of ν 0 = ρ 0 · and 
Proof. Consider ( ) ∈N and (∞) as in the statement. It is sufficient to prove that lim inf
because then a similar inequality will take place with ρ 1 instead of ρ 0 and instead of 1 − and by summing up the two inequalities we will get (8) .
Consider now C ∈ R + fixed. The space C (M) of continuous and bounded functions is dense in L 1 (M ν 0 ) and therefore for each > 0 one can find a function ∈ C (M) such that
This together with the fact that 0 ≤ ( ) C ≤ C implies that for all ∈ N ∪ {∞} we have
The sequence ( ) ∈N converges weakly to (∞) on M × M and since the function (
Thus, for each ≥ ( ) we obtain
This leads to
for each C ∈ R + . Now if we let C tend to ∞, by monotone convergence we obtain 
In order to prove the curvature-dimension condition CD(K N) let ν 0 ν 1 ∈ P 2 (M d ) be an arbitrary pair of measures with ν = ρ · , = 0 1. Let a number > 0 be given. We fix an arbitrary optimal coupling of ν 0 and ν 1 and for ∈ R + denote
The measure ( ) has marginals
with bounded densities. For sufficiently large = ( ) we also have
Since the space (M d ) has finite diameter and the densities of ν ( ) 0 and ν ( ) 1 are bounded, one can find a number R ∈ R such that max =0 1 Ent
According to our hypothesis, 
where the constant C is to be specified later. Fix now a coupling of and which is optimal with respect to d and consider P and P the disintegrations of with respect to and respectively. Like in [20, Lemma 4.19] , P induces a canonical map P :
By applying [20, Lemma 4.19 ] we obtain in turn
The approximating space (M d ) satisfies the rough curvature-dimension condition -CD(K N ), which ensures the existence of a δ -optimal coupling of ν 0 and ν 1 and for each ∈ [0 1] the existence of an -rough -intermediate
for all K ≤ K and N ≥ N . [20, Lemma 4.19] gives also a canonical map P :
. Put now Γ = P(η ) with = ( ) as above. Recall that P is defined such that the density of Γ with respect to is given by
with ρ being the density of η with respect to . Applying now Jensen's inequality to the convex function → − 1−1/N we have 
≤ R
Together with (14) , this implies again by [20, Lemma 4.19] that
Let Q and Q be the disintegrations of with respect to ν 0 and ν 1 respectively. For = ( ) as above and for fixed K N and ∈ [0 1] put
Then from Jensen's inequality we have
P ( where
In a similar way, we have the estimate
Consider the measure
Then ( ) is a (not necessarily optimal) coupling of ( ) 0 and ( ) 0 . Consider also a coupling of ν 0 and ν 1 given by
for any A ⊂ M × M measurable and for = ( ). From the above estimates we obtain
by using (14) . We also have
In this way, for each > 0 we have found a probability measure on M × M and a family of probability measures
The fact that M is compact implies that there exists a sequence ( ( )) ∈N converging to 0 such that the measures ( ) tend to some measure and for each ∈ [0 1] ∩ Q the probability measures Γ ( ) converge to some Γ . Since all are couplings of ν 0 and ν 1 , the measure is also a coupling of ν 0 and ν 1 . Moreover, (12) , (15) and (19) yield that is in fact an optimal coupling. (19) , this leads to
for any ∈ [0 1] ∩ Q. Therefore, the family {Γ } extends to a geodesic in P 
Stability under discretization
In this section we shall prove that the rough curvature-dimension condition is preserved if we consider discretizations of a geodesic metric measure space fulfilling a curvature-dimension condition in the sense of Definition 2.5.
We use the discretizations defined in [4] The above result provides a series of examples that have been presented also in [4] as spaces with curvature bounded below. Their dimensional aspect is not a surprise, since they are discretizations of finite dimensional manifolds:
(i) The space Z with the metric d 1 , which is the restriction of the norm | · | 1 in R , and with the measure = ∈Z δ satisfies -CD(0 ) for any ≥ 2 .
(ii) The -dimensional grid E having Z as set of vertices, equipped with the graph distance and with the measure which is the 1-dimensional Lebesgue measure on the edges, satisfies -CD(0 ) for any ≥ 2( + 1). 
